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Plume dispersion as passive tracer?

Multi-Scale problem:

Total Extent O(10°m?)

Local concentrations O(10°m?)




Idea: adaptive mesh refinement methods

- refinement only where necessary
- dynamically adaptive during run-time



What about decay, reaction, etc.?

Spreading: .
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Advection-Diffusion equation

Constituent (possibly multi-component)
p:QOxT —-R™, QcCR?
Given wind field

v:0OxT — R4
Given diffusion coefficient
p:AxT —R



Semi-Lagrangian scheme
for advection-diffusion

Lagrangian Form
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Splitting advection and diffusion

% v (uVp) =0

dt
Discretization of Advection-Diffusion eq. Adveé)n D&Jsion

At Y
Lt R e R T ]

Time integration over one time step:

g _ .
j: pR R



Lagrangian Form

g': V- (vp) = 66—p+v-vp+v-vp
§p+v v p.

Divergence-free flow:\/ . v = ()

dp _
2 =0



Splitting advection and diffusion

ap _

/

Advection Diffusion




Time integration over one time step:

t+ At dp
/ — + V- (uVp) dt =0
. di

t+ At dp
/ adt:p(xgtJrAt)—p(a:—a,t)
t

t+ At 1
/t V- (uVp) di o [V (w0 VP + V- (u V)] - A



Discretization of Advection-Diffusion eq.



Quasi-conservative
Semi-Lagrangian Scheme

Start from Advection

% vw=u
j iz Advect Volumes
« il

Time Integration

[y .
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e / plo,f | AL do [ pla,t] dr
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Discretization: Midpoint rule
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Start from Advection

ap B
a—l—V-(vp)-O

Then we obtain
(integrate over area, transport theorem):

d

— pdr =20



Advect Volumes




Use solution of
T =v(x,t)

for trajectories.



Time Integration

— / p(z,t+ At) dz —/ p(z,t) de| =0
At | Jy(t+at) V(t) ]

= / plz,t+ At) dx = / p(x,t) dx
V (t+At) v(t)
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Discretization: Midpoint rule

/ plz,t+ At) dx
V (t+At)

=

/ p(z,t) dx
V(t)

)O(x‘ia L+ At) —

Q

'V (t+ At)| - p(x;, t + At)

~ V()] p(zi — ai,t)

Use dual mesh cell

V)
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'V (t+ At)| plzi — i)



Combine:
quasi-conservative SLM for
advection-diffusion

Integrations

1. Integrate in space

ro o do
.f-.;._dt W) A= 1

2_ Integrate in time

[ I Splitting and Discretization

Spiit into agvection (LHS) and diffusian (RHS)

||| r rebad g
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Discretize RHE by rapezoidal rule:

The Scheme

JPETT A R
! |'l T AT de s U T Falidr _;'I T Ve ,'n‘r]
do de 3 e 1

Update Faorm:
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i o A | Ill| . 1
P T’ Valdr Tiip Tp odr
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Discretization of Laplace Operator

Appraximate ¢ by quadratic pohmomial g in least
sguares sense:

le allz — min

R e B TP L PR U R




Integrations

1. Integrate in space

d
/ % V- (uVp) dz =0

2. Integrate In time

t+At
/ / —+V (uVp) dz dt =0



Splitting and Discretization

Split into advection (LHS) and diffusion (RHS)

1

At

t+At
/ p(z,t + At) dx — plz,t) dz| = — / V-(uVp) dx dt
V(t+At) V(t) ¢ V(t)

Discretize RHS by trapezoidal rule:

t+At At
/ V- (uVp) dx dt ~ — [ V- (u"Vph) dzx +/ V-(p Vp) da:]
t V(t) 2 V-

V+

Update Form:

+ ~ At? o+
pTdx = p- dr——— V- (u"Vp") de+
v+ V- v+

5 V- (" Vp) dw]

V_



Discretization of Laplace Operator

Approximate p by quadratic polynomial g in least
squares sense:

|p — ¢g|l2 = min

q(z,y) = fhmz + sz2 + q3zy + Quz + ¢y + g6, (z,y) €

op Oq
— 8 — =2 4
Oz Py Q1T+ q3y +q

0%p 0%
7 922 " 9z% 20




The Scheme

plx,t + At) = xp(x; — ay,t)

_ ATtQ V- (u(z,t + A)Vp(z,t + At))

+ XV | (/.L(SU o O!,t)Vp((.’E - C!,t))]

40]
XTI+ A

Remark: Apply Godunov Splitting



Quantitative Test

P diffusion ease Furs advection case Advesrin-diffimion cav
2 E F
. ; . ;
i |- X

.

Numerical Tests

Comparison

Analytical Test Case
Calhoun & LeVeque, JCF, 2000

Test Case Description

-

Ditfusion: Advection:
Mass Conservation Convergence
I e
I.l.
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Pure advection case
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Advection-diffusion case
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Comparison
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Test Case Description

Diffusion: Advection:

Padv—dif (§,t) = paig(§ — Vi, 1)

(€.t) = - |ert i€ + erf ite

aglé.t) = = |er er

pai 2 VAD(1+1) VAD(1 + 1)
® £ = [Teenter — 2|, Teenter hall channel length,

e |7 constant zonal velocity.

o [ diffusion coeflicient (here: D = 0.01),

e erf the error function erf(x) = i; ft; exp(—r?) dr.
7



|
Diffusion:

1 3¢ Sre )
pai(§,t) = 2 ert (\/ﬁ) — ) + erf (\/417 )

® £ = |Teenter — T|, Teenter half channel length,

e D diffusion coefficient (here: D = 0.01),

e erf the error function erf(x) f [y exp(—r?) dr.



Advection:

Padv—dift (&, 1) = paig(§ — V1, 1)

e |/ constant zonal velocity.



Mass Conservation

Mass Conservation

Mass
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|2-error
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Convergence

Convergence of [2-norm

Edge length

0
F |
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i —_—— 2
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Comments

Achieved
- Efficient scheme
- Works well with adaptive mesh
- "Almost" conservative
- Accurate and stable

Planned
- Sperical geometry
- Oil spill application
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