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Introduction

* While NCEP GFS extends its vertical domain to
couple with space environmental model, we called
this version of GFS as Whole Atmospheric Model
(WAM). WAM is a hydrostatic system with enthalpy
as thermodynamic variable (Juang 2011 MWR).

* We propose to do deep atmospheric dynamics for
NCEP GFS to support WAM

« Here, we would like to re-iterate the reasons to use
deep atmospheric dynamics and to illustrate the

discretization of deep atmospheric dynamics for
NCEP GFS.
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Maxima wind (m/s) at NCEP GFS 150 layers WAM

in do_dynamics_two_loop for spdmx at kdt= 40825

spdmx(001:010)= 19.
spdmx(011:020)= 28.
spdmx(021:030)= 31.
spdmx(031:040)= 58.
spdmx(041:050)= 45.
spdmx(051:060)= 72.
spdmx(061:070)= 102.
spdmx(071:080)= 147.
spdmx(081:090)= 114.
spdmx(091:100)= 87.
spdmx(101:110)= 125.
spdmx(111:120)= 117.
spdmx(121:130)= 269.
spdmx(131:140)= 399.
spdmx(141:150)= 411.
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Shallow (r=a) vs Deep (r=a+z)

e Assume at z=637.12km, sor=1.1a

* For shallow dynamic X
U=acosSp—

dt

* For deep atmosphere d
U= rcosq)z

* For example, $=45°, u=400m/s, after
one hour advection, the displacement
has about 1° error in A.
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Deep atmospheric equation in height & spherical coordinates

al”_”Vtangb+uw—(2£2sin¢)v+(2£zcos¢)w+l o =k,
" . - P 1 CcoSPIA
2
dv wtng W oosingu+~ L - F
dt r r ,0”(945
2 2
Momentum dw U +v _(2Qcos¢)u+la—p+g=Fw
dA
e A A 24 IA U=rCcoSp—
_ U +V—+W— r=a+ =z dt
dt ot rcos@or  rig or d¢
V=I"E

P=>p.=| DO.R, T=p(2p"7f”)T=p(Eann)T=pRT Gas law

2
ap N opu N Jpv Ccos @ N 07/)21’ w_ F,
0t rcos@dA rcosgdy  ror

Density
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From IEE 3P€+V e peV + pV eV = 00

ot
replace e=§ql.ei =§quViT=CvT=(CP ~R)T =h-RT
We have 2P . v. phV—d—p 00 Specific value
ot dt /
Where CV =§Qicvi CP =§quPi R=§QiRi & q =& p=§p
i=1 i=1 i=1 P -1
0
Combine IEE in h form with = +V*pV =,
We have dn - kh dp =Q—ﬁFp & we need dg; - F
dt p dt 0 da

where h=CpT is an Enthalpy
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du uvtang uw—fv+fw+Kh 1 dp dpdE dr) _ u
dt r p rcosp \dA L dr JA
2
dv LU tan¢+vw + fu +K_hl dp dpdg ar)| _ v
dt r r p r\dep JC dr dp
2 2
dw U+ _ fu +Kh§p&§+g=Fw
dt r p dC or
dh «hdp P
- =L
Deep Atmos Dyn dr p dt
In generalized coordinate ’ ' :
OB, B2, BY_ IBE _
ot A d¢ oL °
Staniforth and Wood (2003) dg
Y“i_fp
dl, q;
where a0 90 ;90 0 390 , or or
_ A . _ R - _Jr /1
a ot oA ¢a¢ ga; - P=pr Cos¢a§’w a3 ¢ Jg C

f.=2Qsing ; f =2Qcos¢ ; g=g(r) ; p=pkh
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Angular momentum  A=rcos(u+Qrcos¢)

dA du drcos ¢ du :
=7rcoS¢ —+(u+2Qrcos =rcos¢p—+(u+2Qrcose)(wcoseg—vsin
dt ¢ dt ( ¢) dt ¢ dt ( ¢)( ¢ (p)
out du=uvtan¢_uw+fsv_fcw_lch 1 dp dp JE dr +Fin
dt r r p rcos¢\dA JdC dr A

We have d4a

F_Kh 1 dp dp JE dr
" prcosg\dr I Ir oA

dA §A+ u 07A v&A " JA
dt Jt rcosg &)L ro7¢ o7§

g—" LV
8[3’+ I”COS¢/5+O’)rﬁ+0’,Cﬁ=O
ot A ¢  aC
PA 5= /3A :
JIBA rcosqb LIEpA _ pdA o Jar
a . a a(p 9 P where  F=pr COS(/)E
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A, 9 ( upA +a(v/3A)+aé/3A
dt  JdA\rcos¢ ) adg\ r g

F_Kh 1 dp _dp dC dr
Y precosg\dr IE Ir oA

= Prcos¢

=7 cosqjﬂé)—pwf2 cos¢a—pﬂ+[3rcos¢Fu

dg dr g A

or 2 or or or
51”2 COSP—— Ir-cos¢p—  dIpricos¢p—— Ir* cosg—
o ) ?

=— _ oA
a P T P +preosol
dpr’ COS¢0?F dpr’ cosq)&r
=— 4 + A pPrcosorF,
oA Jg
9 PAdv = OrcosQF dv+§ﬂ5(pﬂ) ds—gﬂi(pﬂ) ds
ot ) A/, oA/,

Angular momentum conserved if top p=0 or r=constant
thus the bottom is the only torque.
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Consider Kinetic energy from momentum equations

u@—uu‘}tanq)+uuw—ufsv+ufcw+u’(h 1 dp _dp dg dr _0
dt r r p rcosg \dA dC dr dA
2
vﬂ 42 tan¢+vvw +Vvfu +thl &p_o?pdé'ﬁ =0
dt r r p r\d¢p JIE dr d¢
2 2
wd—w Y - wf.u +wK—hO7—p£+wg =0
dt r p dC or

Sum them together, we have  x-Z(w+v+w?)

§+A§+¢§K+§al{=—ll dp dp dg or _l¢ dp dp dg or —lw&—pg—gw
ot Ir dp I p \dr EIrIr] p \dp IEdrdp) p IE Ir
Combine with mass and w equations as
p  IPA B¢ IBL or :odr dr lor
+ + + =0 - )t p—+
gt oA 99  OC and v o a)t+¢a¢+§a§ We have
m(K P) W(K P) agﬁ(K p) B By JBi o BIrit Borag
a/51<+ +p N +p N +p _p o ip p¢+p pg_ ppatar +p p ot or _ Baw
ot A ¢ g A ap e g ¢
(7ﬁ/1 ﬁﬁ(]) 5ﬁ§ aprzcosq)g’; 8r2cos¢3’; aﬁ aﬁl 3ﬁ¢ f9ﬁ§ apr2cos¢(3’;
TP e e | e P ac Pew=p| oY oo o | ec ~Pew

10 April 2014 PDEs 2014, H. Juang 12



Consider geo-potential energy

dD
odr=® _de
) or g=—

dddr oD oD :ob b
= =—+A—+¢—+C
dr dt ot oA dp ~ IC

aw

Combine with mass equation 96,94 ¢ I _,

gt A ap  IE

We have 6/3’<I)+(9).L[3’(D+dg;)[3’<l)+(9éﬁcb

o o T ap o PEY
Consider internal energy 1
dCPT_ldp=dCVT+dRT_ldp=dCVT+p_p=O

d pdt dt dt pdt dt dt

Apply mass equations in both total derivative terms,
We have

a/SCVTJrai/g’CVT+a(}>/3CVT+aé/3CVT=_p[a (/3)+ 9 (i/’))+ ; (¢/3)
o2

ot IA ¢ Y at\ p
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Combine previous three red enclosed equations

orlk+P| 68|k p) a'(K p)
e i) onfesr) afeot]

ot A ¢ Ir

ALY aﬁé aﬁg
P, P . +
or I\ a¢ a;

apr cos qb a—
t
w
e -Bg

D IABD  IPPD IE D

o ah dp | Pew

B
0

B RO YA I P
ot dA 3¢ ]a at\p) A )+83b(¢p)+8§(§p)]

Integral globally with all BC, include r., =0 (a—i) =0
g
fff(aﬁK G/J’C ! aﬁq))a’gd)tdqﬁ —ff (pr COS¢p— ) (pr2 cosqb%)é }J)Ldgb

and BC give %fffﬁ(K+CvT+<I))dCd)Ld¢=%fffp(K+CvT+(I>)dv=O

9BC,T 92 BC,T \ 99 BC,T N IEBC,T _ _p[i(/”)+i(i

Total energy conserved
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Deep Atmos vs non-Hydro

From Deep atmosphere, we require r changes with
time, thus we need dw/dt equation

And we need full curvature and Coriolis force terms to
satisfy conservation

Thus, based on conservation requirement, a deep
atmospheric dynamic is a non-hydrostatic dynamic. A
non-hydrostatic dynamics can be shallow or deep
atmospheric dynamics.

Both r and vertical components of curvature and
Coriolis force should be considered in deep
atmosphere; and should not be considered in shallow
atmosphere.
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du Luw A+ f'w +Khl dp dp dg or _F
dt r p r\dA 9L dr oA
dv A + +m2S—Sin¢ +Khl dp dp dg or _F
dt r r p r\dp JC dr dp
d_w_mzs_ —mzf:u* +K—h07—p§ +g =F,
dt r p dC or
dh_khdp _
Deep Atmos Dyn d pd '
In spherical mapping ' v ,
& generalized coordinates | 0,2 r 2 r P S _p
ot IA @ 514 P
Staniforth and Wood (2003) dq, =F,
Juang (2014) NCEP Office Note dt
p=pKh
o . . o 2
d()=&()+Aﬁ()+(pﬁ()+§ﬂ()=§()+mzu*ﬁ_()+mzv* &()+Cc?() : *=pr_2ﬁ
where d o oA " dp T I o roA rdp ~ d& a” ag
f,=2Qsing ; f =2Qcos’¢ ; g=g(r) ; K=C£; y=Se oy
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Start from continuity equation to have similar to shallow and
hydrostatic system to make as mass coordinates,
Mass at give area can be obtained by integral vertical as

Mass=f¢2f)L ngpprzcosq)g—gdCd)Ldgb

Then project this mass to earth surface

Mass g _ fffpgr cosq)—gd@d)tdqb
Area ffa cospdAdg

pressure =

We define it as coordinate pressure
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Previous integral can be deduced to be only in vertical as

2 =
Crop 1" OF ~ Erop ap
f@surface pg az a C C pgsurface Csurface a C C
311?__p§ﬁ r o7
Thus, we have e ey

Put into continuity equation

L S S S N S _0
ot P op o
We have |, (,0pu’ ,3pv ) ;3p;
8§+m2 ol r o r N 0C _0
ot P 9g oE
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Since 2_12=_p*g and p >0

Thus 5 is monotone with vertical coordinate

We can use it for coordinate definition and we can
call it height weighted coordinate pressure or
simply coordinate pressure

Coul R,
So we can have ]%k _A +BF +ék( h +h )

hOk—l + hOk

For opr compatibility, we use ]%k =A +B.p
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k=K, last layer at the top

O

A~ 2 v
k+1
§k+l p k+1

>

k=1, the first layer next to ground

For dynamics, all source terms are set to be zero !
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Vertical integral angular momentum principle, we have

70D Kh(é’p_&p o ar)d 5 (afy khdp 9p khdp IE &”)dg

é:Sé)é.’p oA IC dr dA

a0 p A 9L p JC Jdr dA

& =

“( or gr’ &p gr Jp or dc
c?é‘a &)L a* & oA

3 3
_ g2 _or ﬁp_l_o?po?r )d§
c da dC oA IC IA
6 \ Ir 307P é)é)_p
> 3a’| 9L A IA
& — §r3&—p 0”r3é)_p
=f 8 Jc oA d¢
. 3a’| JA JC
=ﬁCfT 8 9P 4o B Ipr | B 0Dy
LY 3a°  9C 3a® I 3a oA
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Discretize the fourth and last LHSs

&r — 3 d
§ |_9rdp, 9 _ 308

Es

3a°| JE &)L 57} )

With P top zero, we have

e

let p.=/(Pwi-D) SO

Then we have

g

1 0D
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dt =

J &r
&)L‘{:{ 3a’

0’)13 k+1

oA

29

_‘9151«) _
oA
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oy
aﬁ k+1

A

Pia T
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For simplicity, we let

df, _ df, =l <o
é)ﬁk aﬁkﬂ 2

since 7., =7+ 3(
124

Kh) ,(2 2
a pk_pk+1
k

S0 r,f =fl§ é K_h az(pk_plwl
2\ pg ),
;B
remove layer value we have 7;, =7, +3—xh H—1
g D
a2 k-1 % —l% 3 a2 % _%
SO ,,k3 =;3+3TE K S | 28 g p Pk Pl
8 izl D; 23 DPr
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We have

rk+l=§+3 K_h (
a’ a  \pg),

then

transform to spectral for r to do derivative, then
transform back to grid space for nonlinear computing.

duZ _ uZwk

dt I,

dVZ _ v;wk

dt I,
10 April 2014

* *
+fve —f.w

A3 A3
gD ) &( 2 2)
—Kkhkﬁapk _gpk_plﬁlﬁ a a

_n + rk+1

aodA
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Select two forms of advection of PGF

1 dp kh dp ap Kkh dp kh dp & d ( op Khd
— T - pV, | ——V, |+ P (W=V,*Vur)-—|p P (w=V, *V,r)
ya& p dt aC p o p dC dr g\ o p dr
op Kh d (0p khd
=-pV,* opr KR L |l-p P C(W—VH‘VHI’)
aC p dg\ag p dr

Continue discretization, we have

dp 1 ap Kkh 1 0 (dp khdE
=P hVH° ——V, |-yp—=—"--— (W=V, *V,r)
dp Kh ac p dp Kkh 9C\dE p or
¢ p C p
dp ° 1 ° 3 1 o 3 Clz Aw
Z)k——ykpk v (VH)+FVH Vv, Ar —FA(VH \ )+r2E k
. . Aica= A OF; + =Dt OF;, + P = By or; + P B u
OA du 2 9A 2 9A 2 du 2 ou [(a®Aw
e A R e +H—
oA du Ar’ r* Ar ),
k
——y.p | m? roy_r | M % A \n ha)oA \ny 5)o@ \n h.)og a_zA_vT/
K oA Jdp 2AF r* Ar ]
k
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So we use dp/dt from momentum equation to
thermodynamic equation, thus total energy will be conserved.

dh xhdp

0
dt p dt

SO
i ot 4V
_k=_)/kKkhk<m2 e
dt A 0@

\ k
U, U |on 4| M _ M a”k+1_|_ Vi Vi |9%; 4| Ve _ Yin 0
o h, I, )OA v, 1, ) oA r., r)oep \r r,)o@ . 22 A
2A7’3 r2 Ar .
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2
d—w=m2S—+ Zf: « _Khdp d¢ —mzs—+mfu +g rAp -
dt r p dC or r a’Ap

2
2 riw 4
drw=2rw2+r2d—w= ( 3) +m’rs +m’r’fu +ga’ r4Ap 1
dt dt r a Ap
2
and w—r—zw
a
aw _ 2azw—+m2 4 s*2+m ﬁfu +g r'Ap -1
SO dt r a’ a’ a‘Ap
riw, = lfsz/ +1f2w . 12z 12
Since  F Tk g TRIT ST SO Wi =S Win + 5 Wi
A 21/!1 (9}’1 mzvl* (91/’\1

w,o=m L Ly, L L
And BC : oA ;oo

SO W =m +V,

2ﬁ it 9n or, . Or
aol ale

) Then we have w at all levels
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Linearize for SISL

» Collect discretized equations

* Linearization

* Matrixes for semi-implicit

* Add semi-Lagrangian with semi-implicit
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To linearize, we define a base state
1301 =101.326 ; ?01 =a=06371220 ; h,=C,1,, ; 1T,, =300

start
Pox =Ac+BDo1 5 APy =Dox =Pt > ko =R, /Cpy
ad 2 ~
: D r- or pg or
Since p equalstop bar,so —=-pg——=-——
P P c PE 0 Khog
So we can get all r atinterface as 7, =7, + KOk_hOk In fOk
& p0k+1
N A 2
~ ~ =~ =~ a 1,. ~
thenuse  py; — Py = (pOk _p0k+1)_2 > Pox = —(P()k + P0k+l)
Iy, 2
APy = Por = Pois

1
3 A3 A3
then 1, = 2( » +r0k+1)

7

_ _0k

and
80k —

a

PDEs 2014, H. Juang
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Summary of linear equations in matrix/vector short form

d, -
= — +1

( dt )L Okps klpl
(%) = dOkDZ + Mkzwi

l )L
dh, ) . .
(_k =—foix D + LW,

t )L
dD; ) 1
( dtk ) = n(’;:— )(Akipi + B, + ekps)
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6D; ~ n(n;l—l)

a

adt(A0p, +B,oh, +e,0p,) =S,

W, +adt(by,6p, -T,,0p,) =S
Shy +adt( £,,0D; - Z,,0,) =S,
8p, +adt(d,, 8D, ~M, oW, ) =S,

op, + a1 oD; =S

To solve it, we put ps and p into w to get w as function of D
Then put w as function of D into h and p, thus we get p, h,
and ps are all function of D, then put them into D equation
to solve D
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Hydrostatic IC

* Surface pressure
* Divergence/vorticity => U/V
* Use coordinate pressure to interpolation

» Use hydrostatic pressure as coordinate
pressure and nonhydrostatic pressure

* Generate vertical velocity from w=dz/dt
equation
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From hydrostatic system, we have all p at interfaces as
A A 1, .
P =A +B.p, & Pr = 5(pk + pk+1)

From hydrostatic relation, we have

P8
So coordinate pressure in hydrostatic system is

(1% ) =([% ) +(a+2k+1)3_(a+2k)3(p§)
‘ hydro s hydro k

n R A A h
1 = T (pk - pk+1) R

3a” Kh
The new nonhydrostatic coordinate pressure is

ﬁk =Ak+Bkﬁs

So interpolate u, v, h, and g from hydro to new coordinates
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Remaining p and w at deep atmospheric system
From coordinate pressure definition
’/;2+1 = ”;2 +3(K_ﬁ) 612 (ﬁk _ﬁk+1)
PE J,
and hydrostatic relation

R N A A h
Few1 = Tk +(pk _pk+1) Ll

P8
combine both by eliminating kh/(pg), we have

A Foo — T, 2 2
Px = Pra =3(A§1 : )az(pk_pkﬂ)

~3
rk+1 - rk

can obtain p from top to surface

1,. .
Py = 5(171( +pk+1)
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Get vertical velocity w in deep atmospheric system

A3 Kh 2 P~ =
from 7= +3( ) (Pk—l?k+1) Do d/dt

1243
2 ~  K.h d ~ K.h d
We have W, =W, +—LAB, pS—Ap k2k Py
P8 dt Yp & dt
where P
2 d= 5
dp, . 2(3 = ) r r
= - - +
g ;m Pr = Pra o g
k
dp . I oo a1 o oy, @AW
(E)k ykpk(VH (Vi) + 5 Vi * Vulir —FA(VH VHr)+r—2Ek
2 _ o ahi( 0 0h e O & W =lvfz +lvfx
and wy=m (ul aa)L-H}l aa(p) k ’ k+l ) k
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Summary

* Deep atmospheric dynamics is discretized
in generalized hybrid coordinates

« Semi-implicit semi-Lagrangian is used
* |nitial condition with hydrostatic system is
used

* |t is suitable for very high resolution and
coupling with space model

» Details can be found in Juang 2014, NCEP
office note #477

» Coded and still under testing.
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