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Atmospheric energy spectrum
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Incompressible Navier-Stokes

In a 2D periodic box:

ωt + J(ψ, ω) = f + ν∆ω − αω,

where the vorticity ω = ∆ψ and

J(ψ, ω) = ψxωy − ψyωx .

The friction −αω is restricted to the largest scales
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Pseudo-spectral method

ωk(t) =
1

(2π)2

∫
T2

ω(x, t)e−ik·x dx

with the dynamics

ω̇k + Jk(ω) = fk + ν∆kωk − αωk1|k|≤3,
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Energy spectrum
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Two-dimensional turbulent energy spectrum
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Truncated energy spectrum
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Artificial viscosity

Increase ν such that the viscosity acts at a resolved scales.
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Dispersivity

Compare spread of ensemble members to RMS error of ensemble
members.

s(t) =
〈
|ai − ā|2

〉
i
, e(t) =

〈
|ai − A|2

〉
i

ai is ensemble observable, ā the ensemble mean, A the “truth”.
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Dispersivity
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Auto-correlation functions

Rωω(τ) =
1

T

∫ T

0
ω(t + τ)ω(t) dt
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Auto-correlation functions

1− Rωω(τ)
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Truncation drawbacks

Energy spectrum does not match the observed data

Insufficient energy at small scales causes

underdispersive ensemble
overly time-correlated solutions

Well-studied problem

Backscatter algorithms (Shutts, Berner et al.)
Stochastic subgrid models (Berloff, Marstorp et al, Crommelin
& Vanden-Eijnden)
Cut-off filters (Tullock & Smith 2009)
Hyperviscosity (textbook)
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Correction device

Could impose the spectrum with constraints

ω̇k + Jk(ω) = fk + ν∆kωk − αωk1|k|≤3 −
∑
l

ξl∂ωkcl(ω)

0 = cl (ω)− Cl .

A Differential Algebraic Equation with Lagrange multipliers ξl
cl(ω) = El(ω), Cl = 〈El〉data
Too strict!
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Correction device

Only the average has to be controlled

Similar to a thermostat in Molecular Dynamics

Nosé-Hoover thermostat

q̇ = p

ṗ = −∇V (q)− ξp
µξ̇ = K (p)− nkBT

Leimkuhler et al. (’08)

q̇ = p

ṗ = −∇V (q)− ξp

µξ =
1∫ t

0
φ(s)ds

∫ t

0

φ(t − s)K (p(s))ds − nkBT
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Nosé-Hoover thermostat

q̇ = p
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Correction device

Combine previous ideas

ω̇k + Jk(ω) = fk + ν∆kωk − αωk1|k|≤3 −
∑
l

ξl∂ωkcl(ω)

µξ̇l =
1∫ t

0 φ(s)ds

∫ t

0
φ(t − s)cl (ω(s)) ds − Cl .
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Vorticity field snapshot

After t=1
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Vorticity field snapshot

After t=10
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Spectrum
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Dispersivity
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Dispersivity

0 2 4 6 8 10
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t

s(
t)

/e
(t

)

 

artificial viscosity
with device

19



Auto-correlation functions

Rωω(τ) =
1

T

∫ T

0
ω(t + τ)ω(t) dt
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Auto-correlation functions

1− Rωω(τ)
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Summary

Truncation of length scales disturbs spectrum at the smallest
resolved scales

A correction is made that restores the energy spectrum

This correction also improves dispersivity and decorrelation
times
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