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m Adaptive mesh refinement + quantities of interest computed by goal functional
= Dual weighted residual method

m 7, = weighted residual of primal problem + weighted residual of dual problem

m Primal problem: 2D nonlinear Shallow water equations (SWE)
Dual problem: adjoint equations of SWE depending on solutions of primal problem

m Discretization: Runge-Kutta discontinuous Galerkin
scheme
=- gpatial discontinuous primal solutions =
=- discontinuous coefficients in dual problem nm“

m Riemann problem with discontinuous coefficients

Averaged coefficients + usual Riemann solver | n-
Weighted method (upwind/downwind) e




Riemann solver for the adjoint shallow water
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Project Aims and Challenges

A strategy for increasing accuracy and efficiency in numerical simulations is adaptive mesh
refinement. In order to control the area of refinement, in particular for special quantities of
interest, a goal functional is defined. An optimization method ot choice is the dual weighted
residual method (DWR), in which the element wise error estimator 7, is given by weighted
residuals of the primal and the dual computation.

The dual run solves the adjoint equations with solutions of the forward (primal) computation
as coefficients. We solve the 2D non-linear shallow water equations (SWE) by a Runge-Kutta
discontinuous Galerkin (DG) scheme, which leads to spatial discontinuous solutions. Thus,
the adjoint fluxes feature discontinuous coefficients, which pose numerical problems to the
corresponding Riemann solvers.

One approach is to average the coeflicients of the adjacent elements and solve a usual Rie-
mann problem for example with the Rousanov numerical flux. An other approach is a weighted
method that works as an upwind or downwind scheme, depending on the coeflicients.

Primal Model

The SWE for velocities u = (u(x,y,t),v(x,y,t))! and displacement H = h(z,y)+ h(x,y,t)
are given as

ou+u-Viu+kx fu+gVh =0,
&JL‘FV[UH] :O,

with f, g, h(x,y) € R the Coriolis force, the gravity and the average height, respectively.
Furthermore, we set initial conditions as

u(z,y,0) = u(z,y) V(z,y) € Q,

v(2,y,0) = vo(z,y) V(z,y) €
hz,y,0) = ho(z,y) V(z,y) € Q,

and periodic boundary conditions on the boundary of €2 = [0,100] x |0,100]. The initial
velocity is given as a quasi stationary vortex with an underlying drift in x direction.
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Left: Initial height in [10°m] Right: Initial magnitude of velocity in [m/s].

Dual Model

A goal functional which is evaluated at final time t = T leads, via a minimization problem
where u, v and h are subject to the primal problem, to the dual problem:

—0z — [0 - V| 2" = Vziu— Vzw —k X fz2° =V [zH| =0,
—Oizs — gV -z —2u-Vz3 = 0,

where u* = (v(z,y,t),u(z,y,t))! is the vector of velocities with switched components,
z = (z1(z,y,1), 2o(x,y,t))! the sensitivities of the velocities, z* = (zo(x, y, t), 21(z, y, ))! its
switched vector and z3(x, y, t) the sensitivity of the vertical displacement.

Taking the potential energy as goal functional evaluated at time t =T

)

1
J(z,y,T) =@/gh(x,y,T) dx,
)

leads to dual mitial conditions as

z1(x,y, T) =0 V(z,y) € €,

2o(x,y, T) =0 V(z,y) €,
h T

ey, T) = OBy eq

€]

The spatial periodic boundary conditions in the primal problem result also in periodic condi-
tions in the dual problem.

Discretization and mesh

e Time discretization: Runge-Kutta method for K time steps
e Spatial discretization: DG method on elements e € 7T,

— Rousanov Riemann solver for the primal problem
— Averaged Rousanov or weighted scheme Riemann solver for the dual problem

e Global uniform mesh for primal and dual run

e Refinement by bisection according to the error estimator 7, = Zé{:o Ne k

For U = (u,v, h) and Z = (21, 29, z3) holds

1 1

) = (U < ¢ (5p(UniZaa — 20) + 39" (2 Uy = Un) ) = e Y

Riemann Solvers for the Dual Problem

The dual problem can be rearranged as

—2u —2U
—WVgua + | —2v a@(vdu@l) + | —2v
—2U — 20U

ay (Vdual) — Sdual(vdual)

where V a1 = (2123, 2223, 23) is the conserved quantity and V- F = 0,V jya1 + 9,V guar is the
divergence of the flux F.
Averaged Rousanov solver

1. Projection to normal direction for element e = left (), right (r) and ¢ = 1,2, 3:

Speed of sound Coeflicients
Cel = —2UcN
Aei = —2(ueng + veno) B
Cen = —20U.N0
Ces = —2(Uen + Ven2)
2. Averaging
A+ A, C; + C,
A= 3 Cav =
2 2

3. Flux on the edge E between left and right element

(F(Vdual,l) + F(Vdual,r)) * Cap T )\(Vdual,l — Vdua,l,r)
2

FE(Vdual,l,r) —
4. Projection of the flux to normal direction

Fnormal — FE(Vdual,l,r) "1l
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Left: Dual height after 50 time steps with the averaged Rousanov solver
Right: Dual magnitude of velocity atter 50 time steps with the averaged Rousanov solver
Weighted scheme for discontinuous coefficients

1. Projection to normal direction

Speed of sound Dual quantities

de12 = ZeaM + Ze oMo
Aei = —2(ueng + veno) % ’ ’
de,?) — <3

2. Flux on the edge E between left and right element:

Aitdiy + Airdi
Ail + iy

E,E(Vdual,l,r> — , 1= 17 27 3

3. Projection of the flux to normal direction

Fnormal — FE(Vdual,l,r) -1l
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Left: Dual height after 50 time steps obtained with the weighted scheme

Right: Dual magnitude of velocities after 50 time steps obtained with the weighted scheme
The velocities are not correctly transported in y-direction but the features resemble the aver-
aged Rousanov scheme. The dual height is a result of the incorrect transport.
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