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_Implicit-Explicit Runge-Kutta Time Integration Method
| Spectral-Element-based

R —

Motivation:

- KIAPS (Korea Institute of Atmospheric Prediction
Systems) is aiming to build Korea's next-generation
operational global NWP model by 2019

- Target: Spectral-element numerics, global resolution of
10 km and beyond, fully compressible, nonhydrostatic

- Time integration: Accurate, efficient, good parallel
scalability -> HEVI

- Compare competitive Tls in the HEVI context in terms of
accuracy and efficiency

Model:

NUMA 2D CG (Height based Spectral Element 2D
Nonhydrostatic Model )

Applied Time Integrators:

- 1D-IMEX Additive Runge-Kutta (ARK2)

- Operator-Split RKR: Strang Carryover

- Operator-Split RKR: Ascher-Ruuth-Spiteri (2,3,3)

- Explicit SSP RK 3rd order

Note:

- Operator-Split RKR schemes treat all terms in the
vertical implicit (including advection)

- For vertical implicit solver, we use GMRES

- Tae-dJin Oh
Hyun Nam
Frank Giraldo

Inertia Gravity Wave Test Case
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Implicit-Explicit Runge-Kutta Time integration methods
on a Spectral-Element-based Fully Compressible

Non-hydrostatic Atmospheric Model
Shin-Hoo Kang?, Tae-Jin Oh?3, Hyun Nam?, Francis X. Giraldo®

@ Korea Institute of Atmospheric Prediction Systems (KIAPS), Seoul, Korea, sh.kang@kiaps.org,
b Department of Applied Mathematics, Naval Postgraduate School, Monterey, CA, USA

Introduction Operator-Split RKR Methods ARK Methods

 Newton method converges quadratically, but every iteration requires Jacobian computation which is * While the Operator-split RKR treats horizontal forcing explicitly and vertical forcing implicitly,
: ] : costly. Rosenbrock method restricts the Newton iteration to be performed only once which reduces tackling the geometrical stiffness, 1D-IMEX method identifies stiffness in terms of wave propagation
For fully compress1|f)le non hy.drostatlc syste.ms, th.e presence of the the cost for computing the Jacobian. Ullrich and Jablonowski (2012) introduces UJ2 and ARS3 where speed (stiff : acoustic and gravity waves, nonstiff: advection). 1D IMEX is differentiated with 3D
vertically propagating acoustic waves combined with the large both schemes are constructed with Rosenbrock steps. semi-implicit by treating only the vertical stiff terms implicitly.
aspect ratio of the horizontal and vertical grid scale makes the use UJ 2 ARS3 « To derive 1D-IMEX method, the compact vector form of the governing equation can be written as
of purely explicit time integrators unattractive. In order to dpo w
p y p g . 1 At Q(l):qn‘i_'YcAtRH(qn) ’Yc:3+6\/§ 6 ( W dl; +pocé—z 3\
overcome this problem, researchers have been working on QWY =q" + —qf = 99 _ R(q) — LRy (q)] + LRy (q) where 0
: : : : : 2 (1) ORy (1) Ot 4 v LRy, (q) =—Q 1 gp ;o
soundproof governing equations or integrating the system in a 3-D Q@ = QW 4 AtRy(QW) qv; I — .t Ba Ry (Q'M) o+ gg_o
T Q) © a0,
semi-implicit manner. However, both methods need to solve 3-D 0B — §Q(1) + 162(2) + gRH(Q@)) Q¥ = QW + 1. Atgyy) \ w o )
elliptic equations which can be costly and potentially detrimental to 4 4 4 | 8. — 9 | _9 . , , .
.. _ , , @ _ Ly, 23 , 24t (3) Q¥ = —¢" + ( Te ) QW + ( %) Q@ « Additive Runge-Kutta (ARK) methods is one of IMEX schemes. It can achieve A- and L-stability
the parallel scalability performance, especially for high resolution QY =@+ Q7 + ——Ru(@) Ve Ye o c properties of arbitrary (high) order. The coefficients is proposed by Giraldo et al.(2013).
global models. Horizontally-Explicit Vertically-Implicit (HEVI) At [ 9Ry -1 +2(1 = %) ARy (Q) . |
n+1 . (4) — 1— )
method is attractive in this regard considering that it overcomes the v = {I 9 ( g )Q(4) Ry (Q™) @ — [I A (3;&) Ry (Q®) QW =q"+ At ay [R(Q(j)) - LRV(QU))} + Aty a; LRy (QY))
vertical CFL constraint while leaving the scalability performance 1 AN’ 1 /e j=1 j=1
| - | . = QW+ Slapn Q9 = QO + 7.t : | | . |
lJntbalct as CEm?OL:;C?At/]TS are l;)cale(G;raldo et al, 2013; Ullrich and o 1qn 37 ot 3@(2) . (3(3% B 2)> o = " AtZ b, [R(Q(z)) _ LRV(Q(”)} + AtZ b; LRy (Q™)
ablonowski, ; Weller et al., 2013). , T 9t gl 2 i=1 i=1
)  For each horizontal column, : . : A . .
In this study, four different time integrators are compared on a we compute the implicit solution + o QW + TRH(QM)) Second order ARK (ARK2) method represented by Butcher Tableaux.
spectral-element-based fully compressible non-hydrostatic vertical for the following. c 0 0 0 0
slice model. The four time integrators are: 1) the Strang carryover T At (ORy, ok 2 — 2 2 — 2 0 2-V2 | 1- % I= %
qv = Z qv,i I — 9 8 _ QV,z o Rsz (q ) 1 1 1 3 2\/5 1 3 2\/§ 0 1 _1 _1 1 — 1
scheme (Ullrich and Jablonowski 2012, hereafter UJ2) the Ascher- i Li / gk — 5 ( 1+ ) & +1 ) — 2y'2 2y2 ; V2
Ruuth-5piteri (2, 3, 3) scheme (Ascher et al. 1997, hereafter ARS3) » In order to enhance computational efficiency, we utilize the Jacobian-Free Newton-Krylov (JFNK) 2v2 2v2 vz 2v2 2v2 vz
which are operator-split Runge-Kutta-Rosenbrock (RKR) methods, 3) method which only requires the Jacobian-vector product. With RKR, the Rosenbrock step is already - VR -
. . oy : applied and thus, Newton iteration is not required. For the Krylov solver, we use GMRES. The GMRES (i) - (D) — o 1 At R(OY)) + Atd LR Gij — Yij ) 4) 1 o)
1D Implicit-Explicit Additive Runge-Kutta method (Giraldo et al., . N . . * QU can be rewritten as Q q + Zaw (@) + Atai; LRy Z — QY +Q
solver seeks the solution that minimizes the following residual. i1 i1 i
2013, hereafter ARK2), and 4) explicit strong stability preserving - i
, .. dual — JAN 7 RV,z' (qk -+ E:U) — RV,'L' (qk’) e . 3
Runge-Kutta method. The four methods’ accuracy and efficiency are residual = x — - — Ry, (¢") Introducing a new variable Gt G = Zz.—l (aijﬂ—aij) Q(j) 4 Q(i)
compared and analyzed for rising thermal bubble, density current, W the following f " | =1 @is
. e use the following form of epsilon. : Y
and inertia-gravity wave test cases. . P gives the following linear system. - -
_ . - _ 106 : -12 N R o 1 | 2 Ay — s |
€ — egac\/(l + ||z|) where €jac = 10 with GMRES solver tolerance 10 (I _ AtaiiLRV) gt = ¢ Wwhere §=q¢"+ AtZain(Q(s)) n Z (a ga“a g> Q)
j=1 j=1 (X

Governing Equation Numerical Results Discussion

. Equation set of NUMA 2D CG (Giraldo, 2013) is given as We compared all time integrators with respect to accuracy and computational efficiency. L, error — J”ﬁ:f (q@- _qz(ref))2 « The distributions of eigenvalues are examineq in.casg of DC (Fig. 7),
9p p: density » For error norm calculation, we used 4th order accurate ARK4 results as our reference solution. =1 RTB, and IG. For all 3 cases, the eigenvalue distribution for ARKZ is
o T V- (pu) = e It'wve'otc'tv bounded by 0.4 while ARS3 is bounded at 1 which is larger. We believe
0: potential temperature . . | that the smaller eigenvalue distribution of ARK2 is driving its GMRES
du 1 " pressure Inertia-Gravity wave 'md -
“— 4+u-Vu+ -VP + gk = uV?u J: viscos coefficient Y e solution to converge faster than ARS3 and UJ2.
ot p P,: atmo. Pressure at the ground | | g o (a) ARK2 (b) ARS3 w/ viscosity (c) ARS3 w/o viscosity
90 R: universal gas constant 10 i L R L T T e . | -, : Wy 1 .
B 2N/ C, and C: specific heats for - Z: . F & i _seo0 L8 | , 08 1 o8 ; 08
E +u-Vo = 'UJV 0 conztant pressure and volume 5 a8 | op ‘ 5 i
g: gravitational constant S o Y 04
g 02 : 1 02 o 0.2
« Splitting density, potential temperature, and pressure into 'g : | m— :
hydrostatic reference values and perturbation results B E I : * = ' o
RH g_i 0 50 - 100 I 1z06°°8 5::16 ozf: 300 0 50 : ,,8‘00 1 l‘.:O L — 300 0 - :joo : L_lgeool — 19200 0 | 00 » 9600 , / \ 3 i/ ‘ 06 DC 200m i 08 0.6
P =P, (p_) _ | o | o O N ! T " . | i ol U 3 ©8) nDOF= 132 tE1[0.900] 1 08 “i tE10,900] | ogf ! (€ 1[0.300]
Fa Fig. 1. Potential temperature perturbation of IG after Fig. 3. Potential temperature perturbation of DC after = INSe sz lIN\e 277 Om ows om oms 1 05 1o 106 1z 0% 0 G 0% 1 1005 101 105 12 (e om om oms 1 106 101 106 102
3000 s for 250 m resolution with 10-th order basis 900 . . . b ] W (IR i
: : : : . . : s for 50 m resolution with 8-th order polynomial. i e | Il Real
we can rewrite the governing equation as function polynomial. Time integration methods used Time intearation methods used are the same as Fig. 1 (RN RN (e
are (a): RK3, (b): ARK2, (c): UJ2, and (d): ARS3 J J- - Il ‘ (1100111 e DMV Fig. 7. Spectra of the linear system of ARK2 (red) and ARS3 (blue) for DC. The
p(x,t) = po(2) + p(x,1t) dP, | , 3 | | ) " ' ‘ ; ‘dolz oL 0??1 distributions of their eigenvalues are bounded by 0.4 and 1, respectively.
0(x,t) = 0,(2) + 0(x, 1) 7y Pod N ] [ SEITL T e T . R s » Asensitivity test of GMRES solver tolerance level was performed (Fig.

oo w2 e NN o EE e b e B e\ b L LFig. 5. Potential temperature perturbation of 8). Results indicate that ARS3 is more sensitive to the GMRES tolerance

P(x,t) = P,(2) + P(x, 1) o Tk e NN Jo 7 b w1 NN | | | RTB after 540 s for 5 m resolution with 10-th level than ARK. This indicates that [ GMRES
o 7, le ]l o || |order polynomial. Time integration methods eveL Thal ARR. C s IMAICA’es that We can Lise a tarset error
- Horizontally/ Vertically decoupled system 147 0 NN ] 1 /st N N [ ] | used are the same as Fig. 1. tolerance level for ARK which would make ARK run even faster.

E ik YN E 10 E Fo TN v, om e 5 K] 9 | | (K]
dp’ 1/ e N T T/ r YN g I~~~ T DR T = ~117 N TR EEEL : NSRS
otV po) (o + o)V =0 A5 b el N EE T TIEEN 10° 3(@) - s = 10° 3(B) e

- - ; :;:1(;)_2; — — .1':)1: ;:1{;)2 :123: . 10* 3 N 10-6_; ------- ARK2 - |0'6—; """" ﬁgg “

ou L Yu s 1 — 0g : o2 Time Step [s] Wallclock Timel[s] Time Step [s] Wallclock Time[s] 1 I L N A N o T -y i
— +u-vu = u 1 i 1 N F E 3 g r
ot Po + p po + p’ s Fig. 2. Convergence rate (left) and computation : . 100 A E 0NN ] I I i
Pl Fig. 4. Convergence rate (left) and computation N R B S N T T 10 - = 10° 4 3
, efficiency results for IG. ARK2 and UJ2 shows second efficiency results for DC. ARK2. UJ2 and ARK3 are c1 yd R IR AN : :
3_9 Lu- V(QI iy ) — V20 order accuracy, and ARS3 and RK3 are close to third y ' ' e . B 10° - L 109 - ’
51 o) = H order accuracy. ARK? | ficient than UJ2. F close to second order accuracy. ARK is more efficient Time Step [5] Wallclock Timels] :
Y. IS More efricien an . FOr than UJ2 and ARS3 . 10 ] 10
) \ accuracy level between 10> to 106, ARK2 is the most ' Fig. 6. . Convergence rate (left) and 1077 3 F 0 3 3
r ug_g + pg_z \ 0 efficient, except RK. computation efficiency results for RTB. T L o1 4 .
/ 2 :
8 u@ lap a—u 12 _: ks 12 .
G—?ZRH(Q)—FRV(q) Ry=-{ “o= T poe § 10 Fogz § 107 5 i Bl ok
'u,% H 5‘?2“’2: 10° 10 10° 107
\ Us., ) Wi * Non-hydrostatic inertia-gravity wave test case: Observe the evolution of a potential temperature perturbation in a channel with , .
. i . ey : : . Fig. 8. A sensitivity test of GMRES solver tolerance for RTB: (a) GMRES tol=10-% and
0p | 0w 0 ) periodic boundary condition on the left and right. The initial perturbation propagates to the left and right symmetrically. We ran (b) GMRES tol=10-12
y oz 8up 0z 524, the test cases with 10th order polynomials, 250 m resolution, 0.2 s time steps for 3000 seconds. All 4 integrators show similar
Waz Mgz i d nd - :
- — _ 9z , 0 results (Fig. 1). RK3 and ARS3 show 3™ order convergence and ARK2 and UJ2 show 2"¢ order convergence as expected (Fig. 2). C I
q {;} Ry Wi 4 107 + u%ﬁz"é’ > (Fig. 1) g g P (Fig. 2) onclusion
z p 0Oz P &
06 070" . : e : :
Waz . M5z ) * Density current test case: Observe the cold bubble dropped in a neutrally stratified atmosphere. The cold bubble sinks and hits . For all 3 test cases, the field pattern results looked very similar for all
the ground. Then, it creates shear as it travels along the ground generating Kelvin-Helmholtz rotors. Viscosity coefficient 75 m?s' is time integrators.
Refe rences applied and 8th order polynomials. 50 m resolution with 0.05 second time steps are used and the model is integrated up to 900 . ARK2, UJ2 shows 2™ order convergence rates and ARS3 shows 37 order
seconds. We can observe 3 well developed rotors for all integrators and all results look very similar. Convergence study shows that oy q
ARK2. UJ2 and ARS3 show 2 ord Fio 4 for the linear problem. For DC and RTB, ARS3 showed 2"¢ order

Giraldo, F. X." J. F. .KeIIy, and E. M. Co.nstar)t.inescu, 2013: Implicit—explicit formulations ) an show order convergence ( 18. )° convergence due to the test case’s inherent Strong vertical advection.
‘;f ?éhree“j"”;%”sl"l’gg' {‘f&hydrostatlc unified model of the atmosphere (NUMA), . | | | | | . This is expected as ARS3 is only linearly 3™ order convergent in the
ljl’-lricﬁmf‘;r-{ o Jablo_nowsléi 2012: Operator—Split Runge-Kutta-Rosenbrock « Rising thermal bubble test case: We used 10th order polynomial with 5 m resolution, time step size of 0.0045 s and integrated up vertical.

I} . . I} . - - - o o o o 2 _1 o o o o d
Methods for Nonhydrostatic Atmospheric Models, Mon. Wea. Rev, 140, 1257-1284. to 540 seconds. !:or the viscosity coefficient, we used 0.2 m4s'. All 4 1nt.egrator.s show 51m.1lar resglts (Fig. 3). RK3 shows 3' or;:ier . Wallclock analysis indicates that ARK2 is more efficient that UJ2.
Weller, H., S. J. Lock, and N. Wood, 2013: Runge—Kutta IMEX schemes for the convergence while ARK2, UJ2, and ARS3 show 2nd order convergence (Fig. 6). Since ARS3 is only linearly 3™ order accurate, 2" . o .
Horizontally Explicit/Vertically Implicit (HEVI) solution of wave equations, /. Comput. order convergence behavior is expected for ARS3 as this test case is vertically advection dominated. * Althoggh ARK2 requires more implicit solve; per timestep compared to
Phys., 252, 365-381. UJ2, its smaller eigenvalue spread results in faster GMRES convergence.
Knoll, D. A. and D. E. Keyes, 2004: Jacobian—free Newton-Kylov methods: a survey of . o . . . o . :
approaches and applications, / Comput. Phys, 193, 357-397. - We compared the wall clock time vs L, error norm to assess each scheme’s efficiency. For the inertia-gravity wave and rising ARS3 shows strong dependency to GMRES error tolerance level while
Ascher, U, S. Ruuth, and R. Spiteri, 1997: Implicit-explicit Runge-Kutta methods for thermal bubble test case, ARS3 is more efficient than ARK2 when L, error level is lower than 108, For the density current and rising ARK2 does not. Thus, in order to achieve 3™ order convergence for
time-dependent partial differential equations, App/ Numer. Math. 25, 151-167. thermal bubble test case, ARK2 was the most efficient HEVI scheme. ARS3, a more stringent GMRES tolerance level is heeded.




