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A new methodology for the diagnosis of convectively coupled equatorial waves (CCEWs)
is presented. It is based on a pre-filtering of the geopotential and horizontal wind, using
three-dimensional (3D) normal mode functions of the adiabatic linearized equations of
a resting atmosphere, followed by a space—time spectral analysis to identify the spectral
regions of coherence.

The methodology permits a direct detection of various types of equatorial wave, compares
the dispersion characteristics of the coupled waves with the theoretical dispersion curves
and allows an identification of which vertical modes are more involved in the convection.
Moreover, the proposed methodology is able to show the existence of free dry waves and

moist coupled waves w1th a common vertical structure, which is in conformlty with the
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Equatorial waves

» Linearized primitive equations:
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Equatorial waves

» Linearized primitive equations:
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» Assuming N constant and combining (3) and (4) to eliminate

w:



Equatorial waves

» Linearized primitive equations:
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Equatorial waves

» Linearized primitive equations:

ou 1 0¢
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» Considering solutions with separable vertical structure:

[u,v,¢] = G(2) [g(t, 8, ), #(t,0, ), B(t, 0, /\)]



Equatorial waves

» Linearized primitive equations:

@—fv 1 8—¢
ot acosf O\
v 10¢
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» Considering solutions with separable vertical structure:

[u,v,¢] = G(2) [g(t, 8, ), #(t,0, ), B(t, 0, /\)]

» Like in a wave

[IJ, v, ¢] = |:ﬁ(0), \7(0), &(9)} ez/zHeimZef(k)\+wt)



Equatorial waves

» One obtains the horizontal structure equations:
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Equatorial waves

» One obtains the horizontal structure equations:

oi . 1 06
E_fv+acosﬁa =0 (8)
ov 104
5t +fi+— 290 0 (9)
énghev-\”/ =0 (10)
ot
» and the vertical structure equation:
19 0G N2
—G= 11
po 0z <po 82) * ghe 0 (11)

» where —1/gh, is the separation constant.



Equatorial waves

» For a wave with vertical wave number m:

[IJ, v, ¢] = [ﬁ(@), \7(0)7 (%(9) ez/2HeimZef(k)\+wt)



Equatorial waves

» For a wave with vertical wave number m:

[U, v, ¢] = [ﬁ(@), \?(0)7 (%(9) ez/2HeimZef(k)\+wt)

> the equivalent depth is given by

N2
he = ————— 12
T g (m? ) (12



Equatorial waves

» Using the equatorial 8-plane approximation:

oii _ 0
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Equatorial waves

» Using the equatorial 8-plane approximation:

oii L 09
ov .0
E—l—ﬁyu—l—@ =0 (14)
) Ou ov\
a‘f'ghe <8X+8y> =0 (15)

» A complete set of zonal propagating wave solutions of these
system of shallow water equations was found by Matsuno
(1966).



3-D normal mode basis

» We solved the equations over the sphere in isobaric
coordinates, with the vertical structure equation given by:

o (106G 1
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3-D normal mode basis

» We solved the equations over the sphere in isobaric
coordinates, with the vertical structure equation given by:

o (106G 1
I B G =
op <50 8/9) +ghe 0

» The VSE was solved numerically with a spectral method as in
Kasahara (1984) and Castanheira et al. (1999).
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3-D normal mode basis

» The horizontal structure equations over the sphere

oi . 1 06
a_fv+acosﬁa =0 (16)
ov .. 106
éng,rhev-\"/ =0 (18)
ot

» were solved using the methodology of Swarztrauber and
Kasahara (1985).



Shallow water waves over the sphere (h; = 5591 m)
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Shallow water waves over the

a) Kelvin

sphere (hy = 474 m)

b) Equatorial Rossby (n, = 1)

Latitude
°

0 60 E 12CE 180° 120 W 60° W

¢) Mixed Rossby-Gravity

00 60 E 12CE 180 120 W 60° W

d) Eastward Inertio-Gravity (n. = 0)

%

60 11

P PP Nl RS ————————
2 T eZ==> S0/ \ /
2 of iy Y R b — \ ¥ y
PSS = | | =

v s Ve

8op L TTT—]— A ENININN R 170 T SS—— .. . T NN

6o} 11

-0 60 E 120 E 180° 120 W 60° W 0 0 60 E 120 E 180° 120 W 60° W

Longitude Longitude




Frequency (day )

Dispersion curves for equatorial waves
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Data

» Outgoing Longwave Radiation (OLR) from the National
Oceanic and Atmospheric Administration (NOAA) for the
period 1979-2012.

» Horizontal wind (u, v) and geopotencial (¢) from the
ERA-Interim reanalysis (1979-2012).



Method: filtering the dynamical fields

» Projection of the horizontal wind (u, v) and geopotential (¢)
onto the normal modes of the linearized primitive equations
on the sphere.

u u(o)
{ v ] =) Wmnkn(t) Gm(p) €** Cpp - { iv(6) ]
¢ m,k,n Z(G) mkn



Method: filtering the dynamical fields

» Projection of the horizontal wind (u, v) and geopotential (¢)
onto the normal modes of the linearized primitive equations

on the sphere.

u ' u(o)
{ v ] = > Wmkn(t) Gm(p) € Cpy - { iv(6) ]
¢ Z(o) mkn

m,k,n

» Reconstitution of the horizontal wind (u, v) and geopotential
(¢) with a given subset of modes (filtering):

u, u(o)
{ Vo ] = Wankn(t) Gm(p) €** Cpy - { iv(6) ]
¢n Z(e) mkn

m,k



Method: space-time cross-spectral analysis (Hayashi, 1982)

» Considering a space-time series

Y(\ t) = Z [Ci(t) cos(kA) 4 Sk(t)sin(kA)]



Method: space-time cross-spectral analysis (Hayashi, 1982)

» Considering a space-time series

Y(\ t) = Z [Ci(t) cos(kA) 4 Sk(t)sin(kA)]

» The space-time power spectra is given by
4Pk 1o(Y) = Pu(Ck)+ Po(Sk) £ 2 Qu(Ck, Sk),

where P, and Q,, are the time power and quadrature spectra,
respectively.



Method: space-time cross-spectral analysis (Hayashi, 1982)

» Spectral coherence and phase difference between two fields
Y (A, t) and Y/(A, t) are given by

Klg,iw(y’ Y/) + ng,iw(y’ Y/)
Pk,:l:w(Y)Pk,:I:w(Y/)

Cohi,iw(Y, Y')
» and
Pheaw(Y,Y") = tan ! [Qeru(Y, Y)/Ki1u(Y,Y')]

» where



Method: space-time cross-spectral analysis (Hayashi, 1982)

» where

4 Kk,:l:w(yy Y,) = Kw(Ck, Ck,) + Kw(5k7 Sk/)
+Qu(Ck, Sk') F Qu(Sk, C')

» and

4Qu+w(Y,Y) = £Qu(Ck, C') £ Qu(Sk, Sk')
—Kuo(Cie, Sk”) + Kuo(Sks C')

> are cospectra and quadrature spectra, respectively.



Testing the methodology

» Reconstructing the circulation field

{ ] > Winkn(t) Gm(p) €** Cpy - {il{/((%))]
gf) m,k,n mkn

Z(0)
» Symmetric and antisymmetric components of a variable Y

Y(0) + Y(-0)
2

Y(6) - Y(=9)
2

Ys(0) =
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Squared coherence between anti-symmetric components of zonal wind and OLR
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Selecting waves

» Fixing a given pair of zonal, k and meridional n indices, waves
of a given type are selected

U u(o)
Vikn Z Wimkn(t) Gm(p) PLEY o iV (0)
Pkn m Z(G) mkn



Results

» Space-time coherence spectra for eastward inertio-gravity
(EIG), mixed Rossby-gravity (MRG), Kelvin (Kel) and
Equatorial Rossby (ER) waves.
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Squared coherence betweeanL and symmetric OLR
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Vertical mode decomposition of waves

» Fixing the vertical, zonal,and meridional indices, mkn,
respectively, we obtain a vertical modal decomposition of the

waves
Umkn ) U(G)
Vmkn = kan(t) Gm(P) e’k)\ C. IV(@)
¢mkn 2(9) mkn



Vertical mode decomposition of waves

» Fixing the vertical, zonal,and meridional indices, mkn,
respectively, we obtain a vertical modal decomposition of the

waves
Umkn ) U(G)
Vmkn = kan(t) Gm(P) e’k)\ C. IV(@)
¢mkn 2(9) mkn

» Now for, the cosine and sine coefficients are given by
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Vertical mode decomposition of waves

» Fixing the vertical, zonal,and meridional indices, mkn,
respectively, we obtain a vertical modal decomposition of the

waves
Umkn ) U(G)
Vmkn = kan(t) Gm(P) e’k)\ C. IV(@)
¢mkn 2(9) mkn

» Now for, the cosine and sine coefficients are given by
CM" o R [Wimkn(t)] S o S [Winkn(t)]
» and we may analyze the coherence of the 3-D waves with the

OLR and interpret their power spectra as the total (Kinetic +
Available Potential) energy spectra.
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QBO effects

» The vertical propagation of equatorial waves was analysed for
the two phases of the QBO. Considering the daily zonal mean
30-hPa zonal wind at the equator the QBO phases were
defined as follows

TG(ON,30hPa) > 5ms™' = Westerly phase

T(ON,30hPa) < —5ms™' = Easterly phase
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» The vertical propagation of equatorial waves was analysed for
the two phases of the QBO. Considering the daily zonal mean
30-hPa zonal wind at the equator the QBO phases were
defined as follows

TG(ON,30hPa) > 5ms™' = Westerly phase

T(ON,30hPa) < —5ms™' = Easterly phase

» From the linear theory and using the slow-variation WKBJ
approximation (Andrews et al., 1987), waves with zonal phase
velocity ¢ can propagate vertically only if the zonal winds
satisfy

c—u(z)>0 for Kelvin waves

—B/k* < c—1(z) <0 for MRG waves
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» The ratios between the power spectra calculated for each
QBO phase are represented in the next Figures

pE—QBO

F= pW—QBO
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» The vertical wavenumber of Kelvin waves is given by




» The vertical wavenumber of Kelvin waves is given by

» Therefore the westerly QBO phase is associated with smaller
vertical wavelengths.
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» Using typical values for the variables in the theoretical relationship
N2

he = — 1

g (m?+ 4H2)

» one obtains

h; =116 m = L, =9.7km
hg = 52m = L, =6.5km
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Conclusions

» 3-D normal modes over the sphere are a useful tool for the
study of equatorial waves:

» free and convectively coupled equatorial waves of different
types are clearly identified;

» Doppler shifts and other wave propagation features predicted
by the theory are clearly shown.

» Suggestion: The methodology can be made less constraining as
in Yang et al. (2003) or Gehne and Kleeman (2012) but using
the Hough vectors instead of parabolic cylinder functions.

Thank you!
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