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Lorenz Energy Box Diagram 
 

Zonal Box 

Eddy Box 

Potential Energy Kinetic Energy 

Barotropization 

Zonalization 

Energy accumulates at vertical wave 0 

Energy accumulates at zonal wave 0 

（Kung and Tanaka 1983, JAS) 



Lorenz cycle, Saltzman cycle 

    (Saltzman 1957; 1970) 
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G: Generation of P(n) 
P: Available potential energy 
R: zonal-wave interaction of P(n) 
S: wave-wave interaction of P(n) 
C: Baroclinic conversion 
     from P(n) to K(n) 
K: Kinetic energy 
M: zonal-wave interaction of K(n) 
L: wave-wave interaction of K(n) 
D: Dissipation of K(n) 

Saltzman cycle 

(Saltzman 1957 & 1970) 

（Kung and Tanaka 1983 &1984) 



Data 

• JRA-25 
– 2.5°×2.5°, 23 levels (1000 - 0.4 hPa) 

• NCEP/NCAR reanalysis 
– 2.5°×2.5°, 17 levels (1000 - 10 hPa) 

• ERA-40 
– 2.5°×2.5°, 23 levels (1000 - 1 hPa) 

• 1990/91 DJF (3 Month) 

• u, v, T, q 

NOAA  CDC 

ECMWF 

JRA-25 Reanalysis by JMA 



Available Potential Energy P(n) 
Kinetic energy K(n) 

 • NCEP up to n=35 
• ERA    up to n=60 

Potential energy 

Kinetic energy 

NCEP JRA ERA 

77 82 84 

64 67 70 

 total energy [104 Jm-2] 

PE 

KE 



Wave-wave interactions (S, L) 

n=2～7 

n=6～11 
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Up-scale 
 cascade 

Down-scale cascade 

Down-scale cascade 

  Energy Flux 



２Ｄ Spectral model 
• 1D: Expansion in Fourier harmonics 
• 2D: Expansion in spherical harmonics 
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３Ｄ Spectral model 
• Vertical normal mode 
• Horizontal normal mode: Hough harmonics 

Expansion in 3D Normal Mode Functions  
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Vertical energy spectrum 

 
 

 ( )
4
1)lncos()lnsin()( 21

2
1

−=+=
−

mm CCG λµσµσµσσ 　　

Vertical modes 
m

mm
m

gh
RGG γλλ

σ
σ

σ
==+








∂
∂

∂
∂

m
2      ,0

－3 

Ｋ：Barotropic 

Barotropic and baroclinic modes 
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P：Baroclinic 
         mode 

Vertical Wavenumber Terasaki and Tanaka (2007) 



エネルギーフラックス 

Barotropic 
mode Energy flux of 

Kinetic energy 

Barotropization  
by baroclinic instability 

(Terasaki and Tanaka 2007) 



Spherical harmonics (n=0)      Hough harmonics 
 
Kelvin mode      Mixed Rossby-gravity mode 



Vertical Energy Spectrum  m Zonal Energy Spectrum   n 

Tanaka (1985) 



Meridional Energy Spectrum  l 

Tanaka (1985) 



Energy spectrum in the  
3D wavenumber space 
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Observed energy spectrum in c-domain 

Tanaka and Kasahara (1992) Tanaka (1985) 

Frequency domain Phase speed domain 

Shigehisa mode 
 n=0 



Vertical mode 
m=0 

Vertical mode 
m=3 

Vertical mode 
m=1 

Vertical mode 
m=2 

Frequency domain Tanaka and Kimura  (1996) 



Energy flow box diagram 
in barotropic-baroclinic decomposition 

Zonalization 

Barotropization 

Baroclinic 
 instability 

2D turbulence 

We can construct  
a barotropic model 
with baroclinic 
 instability 



Primitive 
Equation  

Model 
 

Numerical 
 simulations 
of blocking 

and AO 



Numerical 
 simulations 
of blocking 

and AO 

Barotropic S-Model 
(Tanaka 2003, JAS) 

2||
2
1

imsi

ikj
jk

ijkii
i

whpE

fwwriwi
d
dw

=

+−−= ∑σ
τ



NCEP/NCAR 

Barotropic energy 

Barotropic S-Model 

Perpetual January 



Arctic Oscillation 
Barotropic height   (EOF-1) 

NCEP/NCAR Barotropic S-Model 



Singular Eigenmode Theory of AO 

EVP-1 EVP-2 

Eddy Feedback Effect 

20 Days 52 Days 

Eigenmode 

EOF-1 

Tanaka and Matsueda (2005) 



Blocking in the model 



Blocking formation by 
Rossby wave breaking 

(Tanaka and Watarai 1999) 

Tanaka (1998) 



Rossby wave breaking and saturation 

Eddies 

Basic state of n=0 

breaking 

Tanaka and Watarai (1999) 

saturation 

Mudrick (1974) 



Zonalization  
Rossby wave breaking for n=6 

Growthrate × 1.7  



3D energy spectrum 

nc

whpE

fwwriwi
d
dw

ii

isi

ikj
jk

ijkii
i

/

||
2
1 2

0

σ

σ
τ

=

=

+−−= ∑

By 3D normal mode 
     expansion 

Phase speed 

2mcE = ？ 
Rhines scale 

Tanaka et al. (2004 GRL) c 



Saturation theory in gravity waves 

Fritts (1984) 

Breaking gravity waves 

0<
∂
∂

z
θ

Saturation spectrum 

-3/5 power Breaking 
condition 
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PV in barotropic model 

Eddy energy 

Basic state 

saturation 

Breaking 
condition 

Tanaka and Watarai (1999) 

Saturation theory in Rossby waves 



Saturation energy spectrum 
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(Tanaka and Kasahara 1992) 

gpm s /=

Mass for 
 unit area 



Observed energy spectrum in c-domain 

Tanaka and Kung (1988) Tanaka (1985) 

FGGE SOP1 

2 2mcE =



Global energy spectrum of  

     Rossby phase speed 
              Mass of the air 
   

2mcE =

Rhines scale 
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（Tanaka et al. 2004 GRL) 

Up-scale cascade 

turbulence waves 



Rhines sclae on a sphere 
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turbulence waves turbulance 1>iR

waves 1<iR

Rhines scale 1=iR

 Rhines ratio 

Rhines scale 

（Tanaka et al. 2004 GRL) 



Energy flux in c-domain 

wave-wave 

Source of energy 

There is an energy source 
in the middle of the 
spectrum: inertial 
subrange theory fails.  

Up-scale 
 cascade cascade 

Theory of Rossby  
 wave  saturation 

Energy accumulates at phase speed 0 



Excitation of blocking and AO by 
up-scale energy cascade 

(Tanaka and Terasaki 2004) 
wave-wave zonal-wave 



Low-frequency 
variability of the 

atmosphere 

Cyclones 

Blocking 
AO 

Synoptic Meso 

Up-scale cascade 

Zonal 

Energy source 

Planetary 



Summary 

(1) Energy spectrum is examined in the 3D 
wavenumber domain using phase speed c. 

(2) Energy spectrum of E=mc2 is obtained 
and explained by Rossby wave saturation  

(3) Up-scale energy cascade to Rhine’s 
scale forms blocking 

(4) Further up-scale cascade to zonal 
energy forms the Arctic Oscillation 

 



END 
 

Thank you. 



Model 
description 

Barotropic 
S-Model 



Barotropic 
forcing 
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